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FOURIER BASES AND FOURIER FRAMES ON SELF-AFFINE
MEASURES
DORIN ERVIN DUTKAY, CHUN-KIT LAI, AND YANG WANG
Abstract. This paper gives a review of the recent progress in the study of Fourier bases
and Fourier frames on self-affine measures. In particular, we emphasize the new matrix
analysis approach for checking the completeness of a mutually orthogonal set. This method
helps us settle down a long-standing conjecture that Hadamard triples generates self-affine
spectral measures. It also gives us non-trivial examples of fractal measures with Fourier
frames. Furthermore, a new avenue is open to investigate whether the Middle Third Cantor
measure admits Fourier frames.
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1. Introduction
It is well known that the set of exponential functions {e2πinx : n ∈ Z} is an orthonormal
basis for L2(I) where I = [0, 1]. An interval is not the only set on which an orthogonal basis
consisting of exponential functions exists for L2(Ω). For example, for the set Ω = [0, 1]∪[2, 3]
the set of exponential functions {e2πiλx : λ ∈ Z ∪ Z + 1
4
} is an orthogonal basis for L2(Ω).
It is an interesting question to ask what sets Ω admit an orthogonal basis consisting of
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exponential functions. In 1974 Fuglede, in a study [Fug74] that is quite well known today,
proposed the following infamous conjecture, widely known today as Fuglede’s Conjecture:
Fuglede’s Conjecture: A measurable set K is a spectral set in Rd if and only if K tiles Rd
by translation.
Fuglede coined the term spectral set to denote sets Ω that admit admit an orthogonal basis
of exponential functions. Fuglede’s Conjecture has been studied by many investigators,
including the authors of this paper, Jorgensen, Pedersen, Lagarias,  Laba, Kolountzakis,
Matolcsi, Iosevich, Tao, and others ([JP98, JP99, IKT01, IKT03, Kol00, KM06b,  Lab01,
LRW00, LW96a, LW97, Tao04]), but it had baffled experts for 30 years until Terence Tao
[Tao04] gave the first counterexample of a spectral set which is not a tile in Rd, d ≥ 5. The
example and technique were refined later to disprove the conjecture in both directions on Rd
for d ≥ 3 [Mat05, KM06b, KM06a]. It has remained open in dimensions d = 1 and d = 2.
Although the Fuglede’s Conjecture in its original form has been disproved, there is a
clear connection between spectral sets and tiling that has remained a mystery. Furthermore,
spectral sets are apparently only one of the problems among an extremely broad class of
problems involving complex exponential functions as either bases or more generally, frames.
The rest of this section will focus on Fourier bases and frames for measures. Basic concepts
and some of the important recent results will be introduced and reviewed. They will be the
gateway to further discussions on the subject in later sections, which include open questions
and more recent progresses.
1.1. Fourier bases and spectral measures. One extension of spectral sets concerns the
more general spectral measures. A spectral measure is a bounded Borel measure µ such that
there exists a set of complex exponentials E(Λ) := {eλ}λ∈Λ, where eλ := e2πi〈λ,x〉, that forms
an orthogonal basis of L2(µ). If such Λ exists, it is called a spectrum for µ. A spectral set can
be viewed as a special case of spectral measure by considering the Lebesgue measure χKdx
on K. Of particular intrigue are measures that are singular, especially self-similar measures
that are closely tied to the field of fractal geometry and self-affine tiles.
The study of Fourier bases on singular measures started with the Jorgensen-Pedersen
paper [JP98] in which they proved the following surprising result: consider the construction
of a Cantor set with scale 4: take the unit interval, divide it into 4 equal pieces, keep the first
and the third piece. Then for the two remaining intervals, perform the same procedure and
keep repeating the procedure for the remaining intervals ad infinitum. The remaining set is
the Cantor-4 set in the Jorgensen-Pedersen example. On this set consider the appropriate
Hausdorff measure of dimension 1
2
, which we denote by µ4.
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Jorgensen and Pedersen proved that the Hilbert space L2(µ4) has an orthonormal family
of exponential functions, i.e., a Fourier basis, namely{
eλ : λ =
n∑
k=0
4klk, lk ∈ {0, 1}, n ∈ N
}
.
Moreover, they also proved that the Middle-Third-Cantor set, with its corresponding Haus-
dorff measure cannot have more than two mutually orthogonal exponential functions.
Definition 1.1. Let µ be a compactly supported Borel probability measure on Rd and 〈·, ·〉
denote the standard inner product. We say that µ is a spectral measure if there exists a
countable set Λ ⊂ Rd, which we call a spectrum, such that E(Λ) := {e2πi〈λ,x〉 : λ ∈ Λ} is an
orthonormal basis for L2(µ). The Fourier transform of µ is defined to be
µ̂(ξ) =
∫
e−2πi〈ξ,x〉dµ(x).
It is easy to verify that a measure is a spectral measure with spectrum Λ if and only if the
following two conditions are satisfied:
(i) (Orthogonality) µ̂(λ− λ′) = 0 for all distinct λ, λ′ ∈ Λ and
(ii) (Completeness) If for f ∈ L2(µ), ∫ f(x)e−2πi〈λ,x〉dµ(x) = 0 for all λ ∈ Λ, then f = 0.
The Jorgensen-Pedersen Cantor-4 set and the measure µ4 can be seen as the attractor and
invariant measure of the iterated function system
τ0(x) =
x
4
, τ2(x) =
x+ 2
4
.
Definition 1.2. For a given expansive d × d integer matrix R and a finite set of integer
vectors B in Zd, with #B =: N , we define the affine iterated function system (IFS) τb(x) =
R−1(x+ b), x ∈ Rd, b ∈ B. The self-affine measure, also called the invariant measure, (with
equal weights) is the unique probability measure µ = µ(R,B) satisfying
(1.1) µ(E) =
∑
b∈B
1
N
µ(τ−1b (E)), for all Borel subsets E of R
d.
This measure is supported on the attractor T (R,B) which is the unique compact set that
satisfies
T (R,B) =
⋃
b∈B
τb(T (R,B)).
The set T (R,B) is also called the self-affine set associated with the IFS. See [Hut81] for
details.
The starting idea in Jorgensen-Pedersen’s construction is to find first orthogonal expo-
nential functions at a finite level and then iterate by rescaling and translations. If we start
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with the atomic measure δ 1
4
B := δ 1
4
{0,2} =
1
2
(δ0 + δ2), we find that {eℓ : ℓ ∈ L := {0, 1}} is
an orthonormal basis for L2(δ 1
4
B). In other words, (R = 4, B = {0, 2}, L = {0, 1}) form a
Hadamard triple.
Definition 1.3. Let R ∈Md(Z) be an d×d expansive matrix (all eigenvalues have modulus
strictly greater than 1) with integer entries. Let B,L ⊂ Zd be a finite set of integer vectors
with N = #B = #L (# means the cardinality). We assume without loss of generality that
0 ∈ B and 0 ∈ L. We say that the system (R,B, L) forms a Hadamard triple (or (R−1B,L)
forms a compatible pair in [ LW02] ) if the matrix
(1.2) H =
1√
N
[
e2πi〈R
−1b,ℓ〉
]
ℓ∈L,b∈B
is unitary, i.e., H∗H = I.
The system (R,B, L) forms a Hadamard triple if and only if the Dirac measure δR−1B =
1
#B
∑
b∈B δR−1b is a spectral measure with spectrum L. Moreover, this property is a key
property in producing examples of singular spectral measures, in particular spectral self-
affine measures.
Denote by
Bn = B +RB + · · ·+Rn−1B, Λn := L+RTL+ · · ·+ (RT )n−1L.
If (R,B, L) form a Hadamard triple, then a simple computation (see e.g. [JP98]) shows that
(Rn, Bn,Λn) is also a Hadamard triple, for all n ∈ N. In other words, the measures
νn = δR−n(Bn) = δR−1B ∗ δR−2B ∗ ... ∗ δR−nB
have a spectrum Λn These measures approximate the singular measure µ(R,B) in the fol-
lowing sense,
(1.3) µ(R,B) = δR−1B ∗ δR−2B ∗ δR−3B... = µn ∗ µ>n
where, by self-similarity, the measure µ>n(·) = µ(Rn·). One should expect that, under the
right conditions, the set Λ =
⋃∞
n=1 Λn forms a spectrum for the measure µ(R,B) and this
is the case for the Jorgensen-Pedersen example. However, this is not true in general, even
though it always yields an orthonormal set, but, in some cases, this set can be incomplete.
Here is a simple counterexample: consider the scale R = 2, and the digits B = {0, 1}. It
is easy to see that µ(R,B) is the Lebesgue measure on [0, 1]. One can pick L = {0, 1} to
make a Hadamard triple. But when we construct the set Λ we notice that it is actually
Λ = N ∪ {0} and we know that the classical Fourier series are indexed by all the integers Z,
so the exponential functions with frequencies in Λ are orthonormal, but not complete.
The natural conjecture was raised to see if for any Hadamard triple (R,B, L) the measure
µ(R,B) is spectral. This conjecture was settled on R1
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more complicated on high dimension. Dutkay and Jorgensen showed that the conjecture is
true if (R,B, L) satisfies a technical condition called reducibility condition [DJ07]. There are
some other additional assumptions proposed by Strichartz guaranteeing the conjecture is true
[Str98, Str00]. Some low-dimensional special cases were also considered by Li [Li14, Li15].
We eventually proved this conjecture in [DL15a, DHL15].
Theorem 1.4. If (R,B, L) is a Hadamard triple, then the self-affine measure µ = µ(R,B)
is a spectral measure.
The proof of this result highlights some of the useful techniques for the study of spectral
self-affine measures. We will give a sketch of proof of this result as part of this review.
1.2. Fourier frames. A natural generalization of orthonormal basis is the notion of frames.
It allows expansion of functions in a non-unique way, but is robust to perturbation of fre-
quencies [DHSW11]. Recall that a frame is a family of vectors {ei : i ∈ I} in a Hilbert space
H with the property that there exist constants A,B > 0 (called the frame bounds) such that
(1.4) A‖f‖2 ≤
∑
i∈I
| 〈f , ei〉 |2 ≤ B‖f‖2, (f ∈ H).
A Borel measure µ is called a frame-spectral measure if there exists a family of exponential
functions {eλ : λ ∈ Λ} forming a frame for L2(µ).
Soon after Jorgensen and Pedersen showed in [JP98] that the Middle-Third-Cantor mea-
sure µ3 is not a spectral measure, a natural question was proposed by Strichartz [Str00] who
asked whether the measure µ3 is frame-spectral. The question is still open.
We proved in [DL14] that if a measure has a Fourier frame, then it must have a certain
homogeneity under local translations (so it must look the same locally at every point). This
condition excludes the possibility of Fourier frames on self-affine measures with unequal
weights, but not for the Middle-Third-Cantor measures. Some fairy large Bessel sequences
of exponential functions (i.e., only the upper bound holds in (1.4)) were constructed in
[DHW11] for the Middle-Third-Cantor set. Some weighted Fourier frames were built by
Picioroaga and Weber for the Cantor-4 set in [PW15].
The following condition generalizing Hadamard triples was introduced in [DL15a] and
[LW15]. We state the definition on R1, but it can be defined on any dimension.
Definition 1.5. Let ǫj be such that 0 ≤ ǫj < 1 and
∑∞
j=1 ǫj < ∞. We say that {(Nj, Bj)}
is an almost-Parseval-frame tower associated to {ǫj} if
(i) Nj are integers and Nj ≥ 2 for all j;
(ii) Bj ⊂ {0, 1, ..., Nj − 1} and 0 ∈ Bj for all j;
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(iii) Let Mj := #Bj . There exists Lj ⊂ Z (with 0 ∈ Lj) such that for all j,
(1.5) (1− ǫj)2
∑
b∈Bj
|wb|2 ≤
∑
λ∈Lj
∣∣∣∣∣∣ 1√Mj
∑
b∈Bj
wbe
−2πibλ/Nj
∣∣∣∣∣∣
2
≤ (1 + ǫj)2
∑
b∈Bj
|wb|2
for all w = (wb)b∈Bj ∈ CMj . Letting the matrix Fj = 1√Mj
[
e2πibλ/Nj
]
λ∈Lj ,b∈Bj and
‖ · ‖ the standard Euclidean norm, (1.5) is equivalent to
(1.6) (1− ǫj)‖w‖ ≤ ‖Fjw‖ ≤ (1 + ǫj)‖w‖
for all w ∈ CMj .
Whenever {Lj}j∈Z exists, we call {Lj}j∈Z a pre-spectrum for the almost-Parseval-frame tower.
We define the following measures associated to an almost-Parseval-frame tower.
νj =
1
Mj
∑
b∈Bj
δb/N1N2...Nj
and
(1.7) µ = ν1 ∗ ν2 ∗ .... := µn ∗ µ>n
where µn is the convolution of the first n discrete measures and µ>n is the remaining part.
When all ǫj = 0, (Nj , Bj, Lj) forms a Hadamard triple. We note that this class of measures
includes self-similar measures because if we are given an integer N ≥ 2 and a set B ⊂
{0, 1, ..., N − 1} such that
Nj = N
nj , Bj = B +NB + ... +N
nj−1B,
then the associated measure µ is the self-affine measure µ(N,B). In particular if N = 3
and B = {0, 2}, µ is the standard Middle Third Cantor measure. In such situation, the
almost-Parseval-frame tower is called self-similar. We prove that
Theorem 1.6. (i) If the self-similar almost-Parseval-frame tower as in Definition 1.5 exists,
then the associated self-similar measure is frame-spectral.
(ii) There exists almost-Parseval-frame tower with ǫj > 0 and the associated fractal mea-
sure is frame-spectral but not spectral.
In the rest of the paper we go into more details on spectral self-affine measures as well as
frame-spectral measures. We consider the explicit construction of self-affine frame-spectral
measures that are not spectral. It is our hope that this survey summarizes not only recent
results on the subject, but also some of the key techniques used to tackle problems. The
open questions we discuss here should serve to quickly lead people into this area.
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2. Spectral Self-Affine Measures
We begin with the following definitions.
Definition 2.1. We call a finite set B ⊂ Zd, a simple digit set for R, if distinct elements of
B are not congruent (modR(Zd)). We define Z[R,B] to be the smallest lattice in Rd that
contains the set B and is invariant under R, i.e., R(Z[R,B]) ⊂ Z[R,B].
We say that µ(R,B) satisfies the no-overlap condition if
µ(τb(T (R,B)) ∩ τb′(T (R,B))) = 0, ∀b 6= b′ ∈ B.
We have the following preliminary reductions that we can do to solve the problem.
(i) If (R,B, L) is a Hadamard triple, then B is a simple digit set for R and L is a simple
digit set for RT .
(ii) We can assume without loss of generality that Z[R,B] = Zd.
(iii) If B is a simple digit for R, then µ(R,B) satisfies the no-overlap condition.
Property (i) is a simple consequence of mutually orthogonality. If Z[R,B] 6= Zd, we can
conjugate some matrix to produce another Hadamard triple which satisfies with the desired
property [DL15a, Proposition 4.1]. The proof of the no-overlap condition of the self-affine
measure can be referred to [DL15a, Section 2].
The following proposition perhaps gives us the main idea on how to prove the completeness
of an orthogonal set of exponentials and the proof are readily generalized to give our various
results.
Proposition 2.2. Suppose that (R,B, L) is a Hadadmard triple and Λ =
⋃∞
n=1 Λn where
Λn = L+R
TL+ ...+ (RT )n−1L. Assume that
δ(Λ) := inf
n≥1
inf
λ∈Λn
|µ̂((RT )−nλ)|2 > 0
Then Λ is a spectrum for L2(µ(R,B)).
Proof. The proof of mutual orthogonality follows directly from the fact that
Hn =
1√
Nn
(
e−2πi〈R−nb , λ〉
)
λ∈Λn,b∈Bn
.
is a unitary matrix. We now show the completeness by showing that the following frame
bounds hold: for any f ∈ L2(µ),
(2.1) δ(Λ)‖f‖2 ≤
∑
λ∈Λ
∣∣∣∣∫ f(x)e−2πi〈λ,x〉dµ(x)∣∣∣∣2 ≤ ‖f‖2.
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The positive lower bound implies the completeness. To prove (2.1), we just need to check it
for a dense set of functions in L2(µ). Let 1E be the indicator function of the set E and
Sn =
{∑
b∈Bn
wb1τb(R,B) : wb ∈ C
}
.
Thus, Sn denotes the collection of all nth level step functions on T (R,B). It forms an
increasing union of sets. Let also S = ⋃∞n=1 Sn. This S forms a dense set in L2(µ). Now for
any f =
∑
b∈Bn wb1τb(R,B) ∈ S, a direct computation shows that
(2.2)
∫
|f |2dµ = 1
Nn
∑
b∈Bn
|wb|2 = 1
Nn
‖w‖2
where w = (wb)b∈Bn and
(2.3)
∫
f(x)e−2πi〈λ , x〉dµ(x) =
1
Nn
µ̂((RT )−nλ)
∑
b∈Bn
wbe
−2πi〈R−nb , λ〉
which means that
(2.4)
∑
λ∈Λn
∣∣∣∣∫ f(x)e−2πi〈λ , x〉dµ(x)∣∣∣∣2 = 1Nn ∑
λ∈Λn
|µ̂((RT )−nλ)|2
∣∣∣∣∣∑
b∈Bn
1√
Nn
wbe
−2πi〈R−nb , λ〉
∣∣∣∣∣
2
As δ(Λ) ≤ |µ̂((RT )−nλ)|2 ≤ 1, we obtain
1
Nn
δ(Λ)‖Hnw‖2 ≤
∑
λ∈Λn
∣∣∣∣∫ f(x)e−2πi〈λ , x〉dµ(x)∣∣∣∣2 ≤ 1Nn‖Hnw‖2.
But Hn is a Hadamard matrix, so we have ‖Hnw‖ = ‖w‖ and hence
δ(Λ)
∫
|f |2dµ ≤
∑
λ∈Λn
∣∣∣∣∫ f(x)e−2πi〈λ , x〉dµ(x)∣∣∣∣2 ≤ ∫ |f |2dµ.
As Sn ⊂ Sm for any n < m, we have
δ(Λ)
∫
|f |2dµ ≤
∑
λ∈Λm
∣∣∣∣∫ f(x)e−2πi〈λ , x〉dµ(x)∣∣∣∣2 ≤ ∫ |f |2dµ.
By taking m to infinity, we have (2.1). 
As we have discussed in the introduction, we cannot expect the standard orthogonal set
to be always a spectrum. We have to look for some other alternatives. The main important
observation is to distinguish two cases depending on whether the periodic zero set
(2.5) Z := {ξ ∈ Rd : µ̂(ξ + k) = 0, for all k ∈ Zd}
of µ(R,B) is empty or not.
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For the case Z = ∅, we will see that Theorem 1.4 follows along the same lines as Proposition
2.2. The case Z 6= ∅ is more subtle but it can appear in higher dimensions d, but, in this
case, the system (R,B, L) has a special quasi-product form structure.
2.1. The case Z = ∅. Given a sequence of integers nk and let mk = n1 + ... + nk. The
self-affine measure can be rewritten as
µ(R,B) = δR−n1Bn1 ∗ δR−m2Bn2 ∗ ... ∗ δR−mkBnk ∗ ...
Then note that if we have another set Jnk of integer vectors, with Jnk ≡ Lnk (mod (RT )nk(Zd)),
then it is easy to see that (Rnk , Bnk , Jnk) still form Hadamard triples. In this sequel, we pro-
duce many other mutually orthogonal sets, by:
(2.6) Λk = Jn1 + (R
T )m1Jn2 + (R
T )m2Jn3 + ... + (R
T )mk−1Jnk ,
(2.7) Λ =
∞⋃
k=1
Λk.
Repeating the argument in Proposition 2.2, the following holds true.
Proposition 2.3. Suppose that (R,B, L) is a Hadadmard triple and Λ if given in (2.7).
Assume that
(2.8) δ(Λ) := inf
k≥1
inf
λ∈Λk
|µ̂((RT )−mkλ)|2 > 0
Then Λ is a spectrum for L2(µ(R,B)).
The following proposition guarantees some Λ will satisfy δ(Λ) > 0.
Proposition 2.4. Suppose that Z = ∅. Then there exists Λ built as in (2.6) and (2.7) such
that δ(Λ) > 0.
We now give the proof of this proposition. We start with a lemma.
Lemma 2.5. Suppose that Z = ∅ and let X be any compact set on Rd. Then there exist
ǫ0 > 0, δ0 > 0 such that for all x ∈ X, there exists kx ∈ Zd such that for all y ∈ Rd with
‖y‖ < ǫ0, we have |µ̂(x+ y + kx)|2 ≥ δ0. In addition, we can choose k0 = 0 if 0 ∈ X.
Proof. As Z = ∅, for all x ∈ X there exists kx ∈ Γ such that µ̂(x + kx) 6= 0. Since µ̂ is
continuous, there exists an open ball B(x, ǫx) and δx > 0 such that |µ̂(y + kx)|2 ≥ δx for all
y ∈ B(x, ǫx). Since X is compact, there exist x1, . . . , xm ∈ X such that
X ⊂
m⋃
i=1
B(xi,
ǫxi
2
).
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Let δ := mini δxi and ǫ := mini
ǫxi
2
. Then, for any x ∈ X , there exists i such that x ∈
B(xi,
ǫxi
2
). If ‖y‖ < ǫ, then x+ y ∈ B(xi, ǫxi), so |µ̂(x+ y + kxi)|2 ≥ δ, we can redefine kx to
be kxi to obtain the conclusion. Clearly, we can choose k0 = 0 if 0 ∈ X since µ̂(0) = 1. 
Proof of Proposition 2.4. Suppose that (R,B, L) is a Hadamard triple (R,B, L). Then
we take X = T (RT , L), the self-affine set generated by RT and digit set L. Define Jn =
L+RTL+ ... + (RT )n−1L By the definition of self-affine sets,
(RT )−(n+p)Jn ⊂ X, (n ∈ N, p ≥ 0).
Fix the ǫ0 and δ0 in Lemma 2.5. We now construct the sets Λk and Λ as in (2.6) and
(2.7), by replacing the sets Jnk by some sets Ĵnk to guarantee that the number δ(Λ) in (2.8)
is positive.
We first start with Λ0 := {0} and m0 = n0 = 0. Assuming that Λk has been constructed,
we first choose our nk+1 > nk so that
(2.9) ‖(RT )−(nk+1+p)λ‖ < ǫ0, ∀ λ ∈ Λk, p ≥ 0.
We then define mk+1 = mk + nk+1 and
Λk+1 = Λk + (R
T )mk Ĵnk+1
where
Ĵnk+1 = {j + (RT )nk+1k(j) : j ∈ Jnk+1, k(j) ∈ Zd}
where k(j) is chosen to be kx from Lemma 2.5, with x = (R
T )−nk+1j ∈ X . As 0 ∈ Jnk and
k0 = 0 for all k, the sets Λk are of the form (2.6) and form an increasing sequence. For these
sets Λk, we claim that the associated Λ in (2.7) satisfies δ(Λ) > 0.
To justify the claim, we note that if λ ∈ Λk, then
λ = λ′ + (RT )mk−1j + (RT )mkk(j),
where λ′ ∈ Λk−1, j ∈ Jnk . This means that
(RT )−mkλ = (RT )−mkλ′ + (RT )−nkj + k(j).
By (2.9), ‖(RT )−mkλ′‖ < ǫ0. From Lemma 2.5, since (RT )−nkj ∈ X , we must have
|µ̂((RT )−mkλ)|2 ≥ δ0 > 0. As δ0 is independent of k, the claim is justified and hence
this completes the proof of the proposition. .
Combining Proposition 2.3 and Proposition 2.4, we settle the case Z = ∅.
Theorem 2.6. Suppose that Z = ∅ and (R,B, L) is a Hadamard triple. Then the self-affine
measure µ(R,B) is a spectral measure.
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2.2. The case Z 6= ∅. When Z 6= ∅, it means that there is an exponential function eξ such
that it is orthogonal to every exponential function with integer frequencies. This implies that
none of the subsets of integers can be complete. Therefore, any construction of orthogonal
sets within integers must fail to be spectral. We illustrate the situation through a simple
example.
Example 2.7. Let R =
[
4 0
1 2
]
,
B =
{[
0
0
]
,
[
0
3
]
,
[
1
0
]
,
[
1
3
]}
and L =
{[
0
0
]
,
[
2
0
]
,
[
0
1
]
,
[
2
1
]}
.
Then (R,B, L) forms a Hadamard triple and Z[R,B] = Z2. However, the set defined in (2.5)
Z 6= ∅ for the measure µ = µ(R,B).
Proof. It is a direct check to see (R,B, L) forms a Hadamard triple and Z[R,B] = Z2. As
MB(ξ1, ξ2) =
1
4
(1+e2πiξ1)(1+e2πi3ξ2). It follows that the zero set of MB, denoted by Z(MB),
is equal to
Z(MB) =
{[
1
2
+ n
y
]
: n ∈ Z, y ∈ R
}
∪
{[
x
1
6
+ 1
3
n
]
: x ∈ R, n ∈ Z
}
.
Let (RT )j =
[
4j aj
0 2j
]
, for some aj ∈ Z. As µ̂(ξ) =
∏∞
j=1MB((R
T )−j(ξ)), the zero set of µ̂,
denoted by Z(µ̂), is equal to
Z(µ̂) =
∞⋃
j=1
(RT )jZ(MB)
=
∞⋃
j=1
{[
4j(1
2
+ n) + ajy
2jy
]
: n ∈ Z, y ∈ R
}
∪
{[
4jx+ aj(
1
6
+ 1
3
n)
2j
(
1
6
+ 1
3
n
) ] : x ∈ R, n ∈ Z} .
We claim that the points in
[
0
1
3
]
+ Z2 are in Z(µ̂) which shows Z 6= ∅. Indeed, for any[
m
1
3
+ n
]
, m,n ∈ Z, we can write it as
[
m
1+3n
3
]
. We now rewrite the second term in the
union in Z(µ̂) as R× {2j−1(1+2n)
3
}. As any integer can be written as 2jp, for some j ≥ 0 and
odd number p, this means that
[
m
1+3n
3
]
∈ Z(µ̂), justifying the claim. As Z 6= ∅, this shows
that there is no spectrum in Z2 for this measure. In fact,
T (R,B) =
⋃
x∈K1
{x} × ([0, 3] + g(x)),
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where K1 is the Cantor set of 1/4 contraction ratio and digit {0, 1} and g : [0, 1] → R is a
measurable function obtaining from the off-diagonal entries.

To overcome this obstruction, as we will see, we prove that Z has a dynamical structure
and, from this structure, we obtain that such Hadamard triples have to have a special
quasi-product form, and moreover, in one of the factors, the digits form complete set of
representatives.
Proposition 2.8. Suppose that (R,B, L) forms a Hadamard triple and Z[R,B] = Zd and
let µ = µ(R,B) be the associated self-affine measure µ = µ(R,B). Suppose that the set
Z := {x ∈ Rd : µ̂(x+ k) = 0 for all k ∈ Zd} ,
is non-empty. Then there exists an integer matrix M with detM = 1 such that the following
assertions hold:
(i) The matrix R˜ := MRM−1 is of the form
(2.10) R˜ =
[
R1 0
C R2
]
,
with R1 ∈Mr(Z), R2 ∈Md−r(Z) expansive integer matrices and C ∈M(d−r)×r(Z).
(ii) If B˜ =MB and L˜ = (MT )−1L, then (R˜, B˜, L˜) is a Hadamard triple.
(iii) The measure µ(R,B) is spectral with spectrum Λ if and only if the measure µ(R˜, B˜)
is spectral with spectrum (MT )−1Λ.
(iv) There exists y0 ∈ Rd−r such that (RT2 )my0 ≡ y0(mod(RT2 )Zd) for some integer m ≥ 1
such that the union
S˜ =
m−1⋃
k=0
(Rr × {(RT2 )ky0}+ Zd)
is contained in the set
Z˜ :=
{
x ∈ Rd : ̂˜µ(x+ k) = 0 for all k ∈ Zd} ,
where µ˜ = µ(R˜, B˜). The set S˜ is invariant (with respect to the system (mB˜, R˜T , L˜, ),
see the definition below and Definition 4.1) where L˜ is a complete set of repre-
sentatives (mod R˜TZd). In addition, all possible transitions from a point in Rr ×
{(RT2 )ky0}+ Zd, 1 ≤ k ≤ m lead to a point in Rr × {(RT2 )k−1y0}+ Zd.
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The key fact in the proof of this proposition is that the set Z is invariant in the sense defined
by Conze et al. in [CCR96]. That means that if x ∈ Z, k ∈ Zd and mB((RT )−1(x+ k)) 6= 0
then (RT )−1(x+ k) is in Z, where
mB(x) =
1
N
∑
b∈B
e2πi〈b , x〉.
Then, the results from [CCR96] show that Z must have a very special form, and this implies
the proposition.
Theorem 2.9. Suppose that
R =
[
R1 0
C R2
]
,
(R,B, L0) is a Hadamard triple and µ = µ(R,B) is the associated self-affine measure and
Z 6= ∅. Then the set B has the following quasi-product form:
(2.11) B =
{
(ui, vi +Qci,j)
T : 1 ≤ i ≤ N1, 1 ≤ j ≤ | detR2|
}
,
where
(i) N1 = N/| detR2|,
(ii) Q is a (d − r)× (d − r) integer matrix with | detQ| ≥ 2 and R2Q = QR˜2 for some
(d− r)× (d− r) integer matrix R˜2,
(iii) the set {Qci,j : 1 ≤ j ≤ | detR2|} is a complete set of representatives (modR2(Zd−r)),
for all 1 ≤ i ≤ N1.
Moreover, one can find some L ≡ L0(mod RT (Zd)) so that (R,B, L) is a Hadamard
triple and (R1, π1(B), L1(ℓ2)) and (R2, B2(b1), π2(L)) are Hadamard triples on R
r and Rd−r
respectively for all b1 ∈ π1(B) and l2 ∈ π2(L).
Here π1, π2 are the projections onto the first and second components in R
d = Rr×Rd−r, and
for b1 ∈ π1(B), B2(b1) := {b2 : (b1, b2) ∈ B} and for l2 ∈ π2(L), L1(l2) := {l1 : (l1, l2) ∈ L}.
In Example 2.7, it is easy to see that the digit set is in a quasi-product form with Q = 3.
Suppose now the pair (R,B) is in the quasi-product form
(2.12) R =
[
R1 0
C R2
]
(2.13) B =
{
(ui, di,j)
T : 1 ≤ i ≤ N1, 1 ≤ j ≤ N2 := | detR2|
}
,
and {di,j : 1 ≤ j ≤ N2} (di,j = vi+Qci,j as in Theorem 2.9) is a complete set of representatives
(modR2Z
d−r). We will show that the measure µ = µ(R,B) has a quasi-product structure.
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Note that we have
R−1 =
[
R−11 0
−R−12 CR−11 R−12
]
and, by induction,
R−k =
[
R−k1 0
Dk R
−k
2
]
, where Dk := −
k−1∑
l=0
R
−(l+1)
2 CR
−(k−l)
1 .
For the invariant set T (R,B), we can express it as a set of infinite sums,
T (R,B) =
{ ∞∑
k=1
R−kbk : bk ∈ B
}
.
Therefore any element (x, y)T ∈ T (R,B) can be written in the following form
x =
∞∑
k=1
R−k1 aik , y =
∞∑
k=1
Dkaik +
∞∑
k=1
R−k2 dik,jk .
Let X1 be the attractor (in R
r) associated to the IFS defined by the pair (R1, π1(B) = {ui :
1 ≤ i ≤ N1}) (i.e. X1 = T (R1, π1(B))). Let µ1 be the (equal-weight) invariant measure
associated to this pair.
For each sequence ω = (i1i2 . . . ) ∈ {1, . . . , N1}N = {1, . . . , N1} × {1, . . . , N1} × ..., define
(2.14) x(ω) =
∞∑
k=1
R−k1 uik .
As (R1, π1(B)) forms Hadamard triple with some L1(ℓ2), the measure µ(R1, π1(B)) has
the no-overlap property. It implies that for µ1-a.e. x ∈ X1, there is a unique ω such that
x(ω) = x. We define this as ω(x). This establishes a bijective correspondence, up to measure
zero, between the set Ω1 := {1, . . . , N1}N and X1. The measure µ1 on X1 is the pull-back of
the product measure which assigns equal probabilities 1
N1
to each digit.
For ω = (i1i2 . . . ) in Ω1, define
Ω2(ω) := {(di1,j1di2,j2 . . . din,jn . . . ) : jk ∈ {1, . . . , N2} for all k ∈ N}.
For ω ∈ Ω1, define g(ω) :=
∑∞
k=1Dkaik and g(x) := g(ω(x)), for x ∈ X1. Also Ω2(x) :=
Ω2(ω(x)). For x ∈ X1, define
X2(x) := X2(ω(x)) :=
{ ∞∑
k=1
R−k2 dik,jk : jk ∈ {1, . . . , N2} for all k ∈ N
}
.
Note that the attractor T (R,B) has the following form
T (R,B) = {(x, g(x) + y)T : x ∈ X1, y ∈ X2(x)}.
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For ω ∈ Ω1, consider the product probability measure µω, on Ω2(ω), which assigns equal
probabilities 1
N2
to each digit dik,jk at level k. Next, we define the measure µ
2
ω on X2(ω). Let
rω : Ω2(ω)→ X2(ω),
rω(di1,j1di2,j2 . . . ) =
∞∑
k=1
R−k2 dik,jk .
Define µ2x := µ
2
ω(x) := µω(x) ◦ r−1ω(x).
Note that the measure µ2x is the infinite convolution product δR−1
2
B2(i1)
∗ δR−2
2
B2(i2)
∗ . . . ,
where ω(x) = (i1i2 . . . ), B2(ik) := {dik,j : 1 ≤ j ≤ N2} and δA := 1#A
∑
a∈A δa, for a subset
A of Rd−r.
The following lemmas were proved in [DJ07].
Lemma 2.10. [DJ07, Lemma 4.4] For any bounded Borel functions on Rd,∫
T (R,B)
f dµ =
∫
X1
∫
X2(x)
f(x, y + g(x)) dµ2x(y) dµ1(x).
Lemma 2.11. [DJ07, Lemma 4.5] If Λ1 is a spectrum for the measure µ1, then
F (y) :=
∑
λ1∈Λ1
|µ̂(x+ λ1, y)|2 =
∫
X1
|µ̂2s(y)|2 dµ1(s), (x ∈ Rr, y ∈ Rd−r).
The two lemmas lead to the following proposition.
Proposition 2.12. [DHL15] For the quasi-product form given in (2.12) and (2.13), there
exists a lattice Γ2 such that for µ1-almost every x ∈ X1, the set Γ2 is a spectrum for the
measure µ2x.
Finally, the proof of the Theorem 1.4 follows by induction on the dimension d: we know
it is true for d = 1 from [DJ06]. Then assume it is true for dimensions up to d− 1. The case
Z = ∅ was treated before; if Z 6= ∅, then the measure µ is in the quasi-product described
above. With Proposition 2.12, and using induction, the measure µ1 has a spectrum Γ1 and
then the measure µ has the spectrum Γ1 × Γ2.
3. Non-spectral singular measures with Fourier frames
Suppose that instead of the Hadamard triple, we are given the almost-Parseval-frame
tower in Definition 1.5. A similar approach in Proposition 2.2 (for details see [LW15]) allows
us to prove the following:
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Proposition 3.1. Suppose that {(Nj, Bj)} is an almost-Parseval-frame tower associated
to {ǫj} with {Lj} as its pre-spectrum. Let Λ =
⋃∞
n=1 Λn where Λn = L1 + N1L2 + ... +
(N1...Nn−1)Ln and let µ be the measure defined in (1.7). Assume that
δ(Λ) := inf
n≥1
inf
λ∈Λn
|µ̂>n(λ)|2 > 0
Then Λ is a frame spectrum for L2(µ) and for any f ∈ L2(µ),
(3.1) δ(Λ)
∞∏
j=1
(1− ǫj)2‖f‖2 ≤
∑
λ∈Λ
∣∣∣∣∫ f(x)e−2πi〈λ,x〉dµ(x)∣∣∣∣2 ≤ ∞∏
j=1
(1 + ǫj)
2‖f‖2.
If we have a self-similar almost-Parseval-frame tower (all Nj = N), then the measure
µ>n(·) can be written as µ(Nn·). In this case, we can produce new candidates of frame
spectra as in (2.6) and (2.7) and the consideration for Z = ∅ works in a similar way as in
Proposition 2.4. We have
Theorem 3.2. Suppose that (Nj, Bj) is a self-similar almost-Parseval-frame tower and the
associated measure µ satisfies Z = ∅. Then µ is a frame-spectral measure.
For a self-similar measure on R1 as defined in Definition 1.5, Z = ∅ can be obtained
without additional assumption.
Proof of Theorem 1.6 (i). By Theorem 3.2, it suffices to show that Z = ∅ for self-similar
measures µ(N,B) defined by the almost-Parseval-frame tower in Definition 1.5. In fact, as
B ⊂ {0, 1, ..., N−1}, the self-similar set T (N,B) is a compact set inside [0, 1]. By the Stone-
Weierstrass theorem, the linear span of exponentials en with integer frequencies is complete
in the space of continuous functions on T (N,B). This shows that Z = ∅, completing the
proof. 
In the end of this section, we demonstrate the existence of an almost-Parseval-frame tower
with ǫj > 0, which gives a proof of Theorem 1.6(ii). More precisely, we prove
Theorem 3.3. Let Nn and Mn be positive integers satisfying
(3.2) Nj =MjKj + αj
for some integer Kj and 0 ≤ αj < Mj with
(3.3)
∞∑
j=1
αj
√
Mj
Kj
<∞.
Define
(3.4) Bj = {0, Kj, ..., (Mj − 1)Kj}, Lj = {0, 1, ...,Mj − 1}.
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Then (Nj , Bj) forms an almost-Parseval-frame tower associated with
ǫj =
2παj
√
Mj
Kj
and its pre-spectrum is {Lj}.
Proof. Let
Fj = 1√
Mj
[
e2πibλ/Nj
]
λ∈Lj ,b∈Bj , Hj =
1√
Mj
[
e2πibλ/MjKj
]
λ∈Lj ,b∈Bj .
Then Hj is a unitary matrix (in fact Hadamard matrices). We first show that for any j > 0,
the operator norm (‖A‖ := max‖x‖=1 ‖Ax‖)
(3.5) ‖Fj −Hj‖ ≤
2παj
√
Mj
Kj
.
To see this, We note that by Cauchy-Schwarz inequality,
(3.6) ‖Fj −Hj‖2 ≤ 1
Mj
∑
b∈Bj
∑
λ∈Lj
∣∣e2πibλ/Nj − e2πibλ/MjKj ∣∣2 .
We now estimate the difference of the exponentials inside the summation using an elementary
estimate
|eiθ1 − eiθ2 | = |ei(θ1−θ2) − 1| ≤ |θ1 − θ2|.
This implies that∣∣e2πibλ/Nj − e2πibλ/MjKj ∣∣2 ≤ ∣∣∣∣2πbλNj − 2πbλMjKj
∣∣∣∣2
=4π2
b2λ2α2j
M2jK
2
jN
2
j
(by Nj =MjKj + αj)
≤4π2M
2
j α
2
j
N2j
(by b ≤MjKj and λ ≤Mj)
Hence, from (3.6),
‖Fj −Hj‖2 ≤ 1
Mj
∑
b∈Bj
∑
λ∈Lj
4π2
M2j α
2
j
N2j
= 4π2
M3j α
2
j
N2j
= 4π2
Mjα
2
j
(Kj + αj/Mj)
2(3.7)
As αj ≥ 0, ‖Fj −Hj‖2 ≤ 4π2α2jMj/K2j and thus (3.5) follows by taking square root.
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We now show that {(Nj, Bj)} forms an almost-Parseval-frame tower with pre-spectrum
Lj . The first two conditions for the almost-Parseval-frame tower are clearly satisfied. To
see the last condition, we recall that ǫj = 2π
√
Mjαj/Kj. From the triangle inequality and
(3.5), we have
‖Fjw‖ ≤‖Hjw‖+ ‖Fj −Hj‖‖w‖
≤
(
1 +
2παj
√
Mj
Kj
)
‖w‖ = (1 + ǫj)‖w‖.
Similarly, for the lower bound,
‖Fjw‖ ≥‖Hjw‖ − ‖Fj −Hj‖‖w‖
≥
(
1− 2παj
√
Mj
Kj
)
‖w‖ = (1− ǫj)‖w‖.
Thus, from (1.6), the last condition follows and (Nj , Bj) satisfies the almost-Parseval-frame
condition associated with {ǫj} and
∑∞
j=1 ǫj < ∞ is guaranteed by (3.3) in the assumption.

Some of the fractal measures induced by the almost-Parseval-frame tower were found to
be non-spectral, one can refer to [LW15] for detail.
4. Explicit construction of spectrum
In general, the canonical orthogonal set in Proposition 2.2 is not necessarily a spectrum.
But in some cases, we can complete this set by adding some more points, and, in some cases,
it is possible to gives an explicit formula for the spectrum of the measure µ(R,B). Such a
description can be given in the following definition. This is always true in dimension one, as
explained in [DJ06].
Definition 4.1. Let (R,B, L) be a Hadamard triple. We define the function
mB(x) =
1
#B
∑
b∈B
e2πi〈b , x〉, (ξ ∈ Rd).
The Hadamard triple condition implies that δR−1B is a spectral measure with a spectrum L
and mR−1B is the Fourier transform of this measure. The Hadamard condition implies that
(4.1)
∑
ℓ∈L
|mB((RT )−1(x+ ℓ))|2 = 1, or
∑
ℓ∈L
|mB(τℓ(x))|2 = 1,
where we define the maps
τℓ(x) = (R
T )−1(x+ ℓ), (x ∈ Rd, ℓ ∈ L), and τℓ1...ℓm = τℓ1 ◦ ... ◦ τℓm .
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A closed set K in Rd is called invariant (with respect to the system (R,B, L)) if, for all x ∈ K
and all ℓ ∈ L
|mB(τℓ(x))| > 0 =⇒ τℓ(x) ∈ K.
We say that the transition, using ℓ, from x to τℓ(x) is possible, if ℓ ∈ L and mB(τℓ(x)) > 0.
A compact invariant set is called minimal if it does not contain any proper compact invariant
subset.
For ℓ1, . . . , ℓm ∈ L, the cycle C(ℓ1, . . . , ℓm) is the set
C(ℓ1, . . . , ℓm) = {x0, τℓm(x0), τℓm−1ℓm(x0), . . . , τℓ2...ℓm(x0)},
where x0 := ℘(ℓ1, . . . , ℓm) is the fixed point of the map τℓ1...ℓm. i.e. τℓ1...ℓm(x0) = x0. The cycle
C(ℓ1, . . . , ℓm) is called an extreme cycle for (R,B, L) if |mB(x)| = 1 for all x ∈ C(ℓ1, . . . , ℓm).
Definition 4.2. We say that the Hadamard triple (R,B, L) is dynamically simple if the
only minimal compact invariant set are extreme cycles. For a Hadamard triple (R,B, L),
the orthonormal set Λ generated by extreme cycles is the smallest set such that
(i) it contains −C for all extreme cycles C for (R,B, L)
(ii) it satisfies RTΛ + L ⊂ Λ.
When this set Λ is a spectrum (see Theorem 4.3 below), we call it the dynamically simple
spectrum.
More generally, the set generated by an invariant subset A of Rd, is the smallest set which
contains −A and satisfies (ii).
Theorem 4.3. [DL15b] Let (R,B, L) be a dynamically simple Hadamard triple. Then the
orthonormal set Λ generated by extreme cycles is a spectrum for the self-affine measure µR,B
and Λ is explicitly given by
Λ = {ℓ0+RT ℓ1+. . . (RT )n−1ℓn−1+(RT )n(−c) : ℓ0, . . . , ℓn−1 ∈ L, n ≥ 0, c are extreme cycle points}.
Moreover, if (R,B, L) is a Hadamard triple on R1, it must be dynamically simple.
Example 4.4. There are Hadamard triples which are not dynamically-simple. For example
let
R =
[
2 1
0 2
]
, B =
{[
0
0
]
,
[
3
0
]
,
[
0
1
]
,
[
3
1
]}
, L =
{[
0
0
]
,
[
1
0
]
,
[
0
1
]
,
[
1
1
]}
.
Note that B is a complete set of representatives modRZ2 and L is a complete set of
representatives modRTZ2; thus we have a Hadamard triple. As shown in [LW96b, Example
2.3], the measure µ(R,B) is the normalized Lebesgue measure on the attractor T (R,B)
which tiles R2 with 3Z× Z. Hence 1
3
Z× Z is a spectrum for µ(R,B) (by [Fug74]).
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Figure 1. T (R,B) Figure 2. T (RT , L)
We look for the extreme cycles: we have
mB(x, y) =
1
4
(1 + e2πi3x + e2πiy + e2πi(3x+y)).
If we want |mB(x, y)| = 1, then we must have equality in the triangle inequality and we get
that 3x, y, (3x + y) ∈ Z. So (x, y) ∈ 1
3
Z × Z. For an extreme cycle (x, y), we must also
have that (x, y) is in the attractor of the IFS (RT , L), and this is contained in [0, 1]× [−1, 1]
(on can check the invariance of this rectangle for the IFS). So, one can check which of the
points in 1
3
Z × Z ∩ [0, 1] × [−1, 1] are in an extreme cycle. The only extreme cycles are{[
0
0
]}
,
{[
1
0
]}
,
{[
1
0
]}
,
{[
0
1
]}
,
{[
1
−1
]}
. Note that these form a complete set of representa-
tives modRTZ2. The set generated by the extreme cycles is then just Z2 which is a proper
subset of the spectrum 1
3
Z× Z, so the Hadamard triple is not dynamically simple.
5. Open problems
The major open problem in the study of Fourier analysis on fractals is to see whether the
non-spectral self-affine measures are still frame-spectral. The idea of almost-Parseval-frame
towers turns this problem into a problem of matrix analysis. Given an integral expanding
matrix R and a set of simple digits B with N = #B < | detR|, the condition of almost-
Parseval-frame towers can be reformulated equivalently as for any ǫ > 0, there exists n ∈ N
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and a set of Ln ⊂ Zd such that the matrix
Fn(Bn, Ln) = 1√
Nn
(
e2πi〈R
−nb,ℓ〉
)
ℓ∈Ln,b∈Bn
satisfies
(1− ǫ)‖w‖2 ≤ ‖Fnw‖2 ≤ (1 + ǫ)‖w‖2
for any vectors w ∈ CNn. (Recall that Bn = B +RB + ...+Rn−1B)
We observe that if we let Bn and Ln be respectively the complete representative class
(mod Rn(Zd)) and (mod (RT )n(Zd)). Then the matrix
Fn := 1√| detR|n
(
e2πi〈R
−nb,ℓ〉
)
ℓ∈Ln,b∈Bn
forms a unitary matrix. i.e.
‖Fnw‖ = ‖w‖, ∀w ∈ C| detR|n
As Bn ⊂ Bn, we can take the vectors w such that they are zero on the coordinates which
are not in Bn. This implies that
‖Fn(Bn, Ln)w‖ = | detR|
n
Nn
‖w‖.
In other words, ∑
λ∈Ln
∣∣∣∣∣∑
b∈Bn
wb
1√
Nn
e−2πi〈R
−nb,λ〉
∣∣∣∣∣
2
=
| detR|n
Nn
∑
b∈Bn
|wb|2.
This shows that the collection of vectors {
(
1√
Nn
e−2πi〈R
−nb,λ〉
)
b∈Bn
: λ ∈ Ln} forms a tight
frame for CN
n
with frame bound | detR|
n
Nn
. Our problem is to extract a subset Ln from Ln such
that we have an almost tight frame with frame constant nearly 1. This reminds us about
the Kadison-Singer problem that was open for over 50 years and solved recently in [MSS15].
Theorem 5.1. [MSS15, Corollary 1.5] Let r be a positive integer and let u1, ..., um ∈ Cd
such that
m∑
i=1
|〈w, ui〉|2 = ‖w‖2 ∀w ∈ Cd
and ‖ui‖ ≤ δ for all i. Then there exists a partition S1, ..., Sr of {1, ..., m} such that∑
i∈Sj
|〈w, ui〉|2 ≤
(
1√
r
+
√
δ
)2
‖w‖2 ∀w ∈ Cd.
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This statement says that we can partition a tight frame into r subsets such that the frame
constant of each partition is almost 1/r. Iterating this process allowed Nitzan et al [NOU14]
to establish the existence of Fourier frames on any unbounded sets of finite measure. One of
their lemmas states:
Lemma 5.2. [NOU14, Lemma 3] Let A be an K × L matrix and J ⊂ {1, ..., K}, we denote
by A(J) the sub-matrix of A whose rows belong to the index J . Then there exist universal
constants c0, C0 > 0 such that whenever A is a K×L matrix, which is a sub-matrix of some
K × K orthonormal matrix, such that all of its rows have equal ℓ2-norm, one can find a
subset J ⊂ {1, ..., K} such that
c0
L
K
‖w‖2 ≤ ‖A(J)w‖2 ≤ C0 L
K
‖w‖2, ∀w ∈ Cn.
This lemma leads naturally to the following:
Proposition 5.3. With (R,B) as in Definition 1.2, there exist universal constants 0 < c0 <
C0 <∞ such that for all n, there exists Jn such that
c0
∑
b∈Bn
|wb|2 ≤
∑
λ∈Jn
∣∣∣∣∣ 1√Nn ∑
b∈Bn
wbe
−2πi〈R−nb,λ〉
∣∣∣∣∣
2
≤ C0
∑
b∈Bn
|wb|2
for all (wb)b∈Bn ∈ CNn.
Proof. Let
Fn = 1| detR|n/2
[
e2πi〈R
−nb,ℓ〉
]
ℓ∈Ln,b∈Bn
where Bn is a complete coset representative (mod R(Z
d)) containing Bn and Ln is a complete
coset representative (mod RT (Zd)). It is well known that Fn is an orthonormal matrix. Let
K = | detR|n and
An =
1
| detR|n/2
[
e2πi〈R
−nb,ℓ〉
]
ℓ∈Ln,b∈Bn
.
Then An is a sub-matrix of Fn whose columns are exactly the ones with index in Bn so that
the size L is L = Nn. By Lemma 5.2, we can find universal constants c0, C0, independent of
n, such that for some Jn ⊂ Ln, we have
c0
Nn
| detR|n‖w‖
2 ≤ ‖A(Jn)w‖2 ≤ C0 N
n
| detR|n‖w‖
2, ∀w ∈ CNn .
As |detR|
n/2
Nn/2
A(Jn) =
1
| detR|n/2
[
e2πi〈R
−nb,ℓ〉
]
ℓ∈Jn,b∈Bn
:= Fn, this shows
c0‖w‖2 ≤ ‖Fnw‖2 ≤ C0‖w‖2, ∀w ∈ CNn .
This is equivalent to the inequality we stated. 
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This proposition shows that there always exists some subsets Jn in which the norm of
F(Bn, Jn) is uniformly bounded by universal constants c0, C0, this indicates that the exis-
tence of almost-Parseval-frame pairs Bn, Ln is possible.
Acknowledgements. This work was partially supported by a grant from the Simons Founda-
tion (#228539 to Dorin Dutkay).
References
[CCR96] D. Cerveau, J.-P. Conze, and A. Raugi. Ensembles invariants pour un ope´rateur de transfert
dans Rd. Bol. Soc. Brasil. Mat. (N.S.), 27(2):161–186, 1996.
[DHL15] Dorin Ervin Dutkay, John Haussermann, and Chun-Kit Lai. Hadamard triples generate self-affine
spectral measures. arXiv:1506.01503, 2015.
[DHSW11] Dorin Ervin Dutkay, Deguang Han, Qiyu Sun, and Eric Weber. On the Beurling dimension of
exponential frames. Advances in Math., 226(1):285–297, 2011.
[DHW11] Dorin Ervin Dutkay, Deguang Han, and Eric Weber. Bessel sequences of exponentials on fractal
measures. J. Funct. Anal., 261(9):2529–2539, 2011.
[DJ06] Dorin Ervin Dutkay and Palle E. T. Jorgensen. Iterated function systems, Ruelle operators, and
invariant projective measures. Math. Comp., 75(256):1931–1970 (electronic), 2006.
[DJ07] Dorin Ervin Dutkay and Palle E. T. Jorgensen. Fourier frequencies in affine iterated function
systems. J. Funct. Anal., 247(1):110–137, 2007.
[DL14] Dorin Ervin Dutkay and Chun-Kit Lai. Uniformity of measures with Fourier frames. Advances
in. Math., 252:684–707, 2014.
[DL15a] Dorin Ervin Dutkay and Chun-Kit Lai. Self-affine spectral measures and frame spectral measures
on Rd. arXiv:1502.03209, 2015.
[DL15b] Dorin Ervin Dutkay and Chun-Kit Lai. Spectral measures generated by arbitrary and random
convolutions. arXiv:1509.04511, 2015.
[Fug74] Bent Fuglede. Commuting self-adjoint partial differential operators and a group theoretic prob-
lem. J. Funct. Anal., 16:101–121, 1974.
[Hut81] John E. Hutchinson. Fractals and self-similarity. Indiana Univ. Math. J., 30(5):713–747, 1981.
[IKT01] Alex Iosevich, Nets Katz, and Terence Tao. Convex bodies with a point of curvature do not have
fourier bases. Amer J. Math., 123:115–120, 2001.
[IKT03] Alex Iosevich, Nets Katz, and Terence Tao. Fuglede spectral conjecture holds for convex planar
domain. Math. Res Lett, 10:559–569, 2003.
[JP98] Palle E. T. Jorgensen and Steen Pedersen. Dense analytic subspaces in fractal L2-spaces. J. Anal.
Math., 75:185–228, 1998.
[JP99] Palle E. T. Jorgensen and Steen Pedersen. Spectral pairs in Cartesian coordinates. J. Fourier
Anal. Appl., 5(4):285–302, 1999.
[KM06a] Mihail N. Kolountzakis and Ma´te´ Matolcsi. Complex Hadamard matrices and the spectral set
conjecture. Collect. Math., (Vol. Extra):281–291, 2006.
[KM06b] Mihail N. Kolountzakis and Ma´te´ Matolcsi. Tiles with no spectra. Forum Math., 18(3):519–528,
2006.
[Kol00] Mihail N. Kolountzakis. Non-symmetric convex domains have no basis of exponentials. Illnois J.
Math., 42:542–550, 2000.
24 DORIN ERVIN DUTKAY, CHUN-KIT LAI, AND YANG WANG
[ Lab01] Izabella  Laba. The spectral set conjecture and multiplicative properties of roots of polynomials.
J. London Math. Soc., 65:661–671, 2001.
[Li14] Jian-Lin Li. Analysis of µM , D-orthogonal exponentials for the planar four-element digit sets.
Math. Nachr., 287(2-3):297–312, 2014.
[Li15] Jian-Lin Li. Spectral self-affine measures on the spatial Sierpinski gasket. Monatsh. Math.,
176(2):293–322, 2015.
[LRW00] Jeffrey C. Lagarias, James A. Reeds, and Yang Wang. Orthonormal bases of exponentials for the
n-cubes. Duke Math. J., 103:25–37, 2000.
[LW96a] Jeffery C. Lagarias and Yang Wang. Tiling the line with translates of one tile. Invent. Math.,
124:341–365, 1996.
[LW96b] Jeffrey C. Lagarias and Yang Wang. Self-affine tiles in Rn. Adv. Math., 121(1):21–49, 1996.
[LW97] Jeffrey C. Lagarias and Yang Wang. Spectral sets and factorizations of finite abelian groups. J.
Funct. Anal., 145(1):73–98, 1997.
[ LW02] Izabella  Laba and Yang Wang. On spectral Cantor measures. J. Funct. Anal., 193(2):409–420,
2002.
[LW15] Chun-Kit Lai and Yang Wang. Non-spectral fractal measures with Fourier frames.
http://arxiv.org/abs/1509.06855, 2015.
[Mat05] Ma´te´ Matolcsi. Fuglede’s conjecture fails in dimension 4. Proc. Amer. Math. Soc., 133(10):3021–
3026 (electronic), 2005.
[MSS15] Adam Marcus, Daniel Spielman, and Nikhil Srivastava. Interlacing families ii: Mixed character-
istic polynomials and the kadison-singer problem. Ann. of Math., 182:327–350, 2015.
[NOU14] Shahaf Nitzan, Alexander Olevskii, and Alexander Ulanovskii. Exponential frames on unbounded
sets. arXiv: 1410.5693, 2014.
[PW15] Gabriel Picioroaga and Eric S. Weber. Fourier frames for the Cantor-4 set. arXiv:1503.01763,
2015.
[Str98] Robert S. Strichartz. Remarks on: ”Dense analytic subspaces in fractal l2-spaces”. J. Anal.
Math., 75:229–231, 1998.
[Str00] Robert S. Strichartz. Mock Fourier series and transforms associated with certain Cantor mea-
sures. J. Anal. Math., 81:209–238, 2000.
[Tao04] Terence Tao. Fuglede’s conjecture is false in 5 and higher dimensions. Math. Res. Lett., 11(2-
3):251–258, 2004.
[Dorin Ervin Dutkay] University of Central Florida, Department of Mathematics, 4000
Central Florida Blvd., P.O. Box 161364, Orlando, FL 32816-1364, U.S.A.,
E-mail address : Dorin.Dutkay@ucf.edu
Department of Mathematics, San Francisco State University, 1600 Holloway Avenue, San
Francisco, CA 94132.
E-mail address : cklai@sfsu.edu
Department of Mathematics, Hong Kong University of Science and Technology, Hong
Kong
E-mail address : yangwang@ust.hk
